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Abstract

The existence, uniqueness and global robust exponential stability
is analyzed for the equilibrium point of a class of neutral-type
neural networks with time-varying delays. By dividing the
variation interval of the time delay into two subintervals with
equal length, a more general type of Lyapunov functionals is
defined. Following the idea of convex combination and free-
weighting matrices method, new delay-dependent stability
criteria are presented in terms of linear matrix inequalities
(LMIs). Three examples are also given to illustrate the
effectiveness and less conservativeness of our proposed
conditions than some previous ones.

Keywords: Global robust exponential stability, neutral-type
neural networks, Jensen integral inequality, linear matrix
inequality(LMI), free-weighting matrix

1. Introduction

Recurrent Neural Networks can be represented as
differential equations that describe the evolution of the
model as functions of time. These differential equations
have received increasing interest due to their promising
potential applications in areas such as classification,
combinatorial optimization, parallel computing, signal
processing and pattern recognition. Such applications
heavily depend on the dynamic behavior of networks,
therefore, the analysis of these dynamic behaviors is a
necessary step for practical design of neural networks. Up
to now, many important results on the stability have been
reported in the literature, see e.g. [2,5-23] and references
therein.

In the design of neural networks, however, one is not only
interested in global stability, but also in some other
performances. Particularly, it is often desirable to have a
neural network that converges fast enough in order to
achieve fast response. Considering this, many researchers
have studied the exponential stability analysis problem for
delayed neural networks and a great number of results on
this topic have been reported in the literature [2,6,8,9,12,
13,16-20].

On the other hand, due to the complicated dynamic pro-
perties of the neural cells in the real world, the existing
neural networks model in many cases can't characterize
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the properties of a neural reaction process precisely, so the
neural networks system will contain some information
about the derivative of the past state to model the
dynamics for such complex neural reactions [2,8-
11,18,22]. For neutral-type neural networks with constant
delays, by employing LMI techniques, Xu et al. [18]
obtained a delay-dependent exponential stability condition
with the assumption of the boundedness and monotonic
non-decreasing of the activation functions; by adopting the
parameter model transform method, using free weighting
matrices approach and LMI techniques, Park J.H. [10]
established a delay-dependent stability condition also with
the assumption of the boundedness and monotonic non-
decreasing of the activation functions; by using semi-free
weighting matrices approach and LMI techniques, Mai et
al. [9] derived two delay-dependent exponential stability
criterion with the assumption of the boundedness of the
activation functions. For neutral-type neural networks with
time-varying delays, using inequalities of vector and norm,
employing Razumikhin's method, Cao et al. [2] achieved
two stability conditions; by using Jensen integral
inequality, LMIs and Razumikhin-like approaches, Lien et
al. [8] proposed several delay-dependent and delay-
independent stability criteria with multiple delays; by
adopting free weighting matrices approach and LMI
techniques, Park J.H. [10] established a delay-dependent
stability condition with the assumption of the boundedness
and monotonic non-decreasing of the activation functions;
by employing LMI techniques, Zhu et al. [22] derived two
delay-dependent robust stability criteria with the
assumption of the boundedness of the activation functions.
However, to the best of our knowledge, there are no
results proving the existence of the equilibrium point of
such neutral-type neural networks up to now, especially
with unbounded activation functions.

In this paper, we consider the existence, uniqueness and
global robust exponential stability of the uncertain neutral-
type neural networks with time-varying delays in this
paper. By dividing the variation interval of the time delay
into two subintervals with equal length [21], we construct
a new Lyapunov-Krasovskii functional and derive new
sufficient conditions, which are delay-dependent and
computa-tionally efficient. Following the idea of convex
combi-nation [23], less conservative results are obtained
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by using the free-weighting matrix approach [16] and
Jensen integral inequality. Finally, three illustrative
examples are also given to demonstrate the effectiveness
of the proposed results.

2. Problem description

Considering the following neutral type neural networks
with interval time-varying delays:

X(t) = —Cx(t) + Af (x(t)) + B (x(t —z (1)) + Ex(t— o (t)) + J,

1
where x(t) = (x,(t), X, (t),..., x, (t))" e " is the neural stgte)z
Vector, x(t—z(t)) = (x (t -7, (1)), X, (t =7, (1), .., x, (=7, )"
C=C+AC(t), A=A+AA®), B=B+AB(t), E=E-+AE(t).
C =diag{c,c,,....,c,} s a positive diagonal matrix,
A=(8)pq B=()p. E=(g),, are known constant
matrices, AC(t), AA(t), AB(t), AE(t) are parametric uncer-
tainties, 0<h, <z, (t)<h,+2h(i=1..,n),0<o(t)<d are
the time-varying delays, where h ,h,d are non-negative
constants. J is the constant external input vector, and
Fx) = (R0, £ O T, @) GOX(E-7()) =
(6,04 (t= 7)), G,06 -7, G, (x,(t—7,®))" 7"
denote the neural activation functions. It is assumed that
fi(s), g, (s) satisfy the following condition:

Assumption 1 There exist constant scalars I, such that

1, <1y, <1, ad
ICE IO PN @
S1 =S,
I, SMS L, (3)
55,

forany s s, eR,s #s,, j=12,...,n.

Moreover, we assume that the initial condition of system
(1) has the form

x(t)=¢(t), te[-h,0]
where ¢4 (t)(i=1,2,..,n) are continuous functions,

h = max{h, + 2h,d}.

Throughout this paper, let || y|| denotes the Euclidean
norm of a vector ye("W"W™* 4, W) A4 W) and

W |I= «MM (W'W) denote the transpose, the inverse, the

largest  eigenvalue, the smallest eigenvalue, and the
spectral norm of a square matrix W, respectively. Let
W>0(<0) denote a positive (negative) definite symmetric
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matrix, | denote an identity matrix with compatible
dimension.

The definition of exponential stability is now given.

Definition 1 ([18]) The system (1) is said to be globally
exponentially stable if there exist constants r >0 and
M>1 such that

I x@)li M ( sup I x(@) 1% [})e .

-h<@<

where K is called the exponential convergence rate.

The time-varying uncertain matrices

AC(t), AA(t), AB(t), AE(t) are defined by:
[AC (1), AA(t), AB(t), AE(t)] = H,E,(1)[G,.G,,G,,G;],
(4)
where H,.G,.G,,G,,G, are known real constant matrices
with appropriate dimensions. E (t)is an unknown time-
varying matrix satisfying
E (DE,(t) <. ®)

In order to obtain the results, we need the following
lemmas.

Lemma 1 (see [1]) Let H,K and L be real matrices of

appropriate dimensions with K>0. Then for any vectors x
and y with appropriate dimensions, the following matrix
inequality holds:

2Xx"HLY < xX"HK'H x+y'L"KLy.

Lemma 2 (see [3]) Continuous map T(x):0"—0" is
homeomorphic if T(x) is injective and |im I T (x)]|= .

[IX]}—>o0

Lemma 3 (see [20]) Assuming that function g,(s) is
defined such that o< gj(s)/sspj,where P, >0, then the
following inequality holds
¢
L (9;(8)—9;(e)ds < (£ —5)(9;(£)—9;(s))-
Lemma 4 (see [4]) For any positive symmetric constant
matrix M e[ ™" , scalars I <T, and vector function

w:[r,r,] >0" such that the integrations concerned are
well defined, then

(jrr a)(s)ds)T M (jrr w(s)ds) <(r,- G)er o (5)M o (s)ds.

From Lemma 1, it is easy to see that the following Lemma
holds

Lemma 5 (see [1]) Given matrices H,G with compatible
dimensions, the following matrix inequality
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HF)G+G FT(t)H" <HQH™ +G'Q'G
holds for any definite positive symmetric matrix Q, where
matrix F(t) satisfies FT (t)F(t) < ..

3. Existence and uniqueness of neutral-type
neural networks

In order to study the existence and uniqueness of the
equilibrium point, we define maps H(x) and H"(x)
respectively as follows:

H (X) = —Cx+ Af (X) + Bg(x) +J
and H*(x) =H(x)—H(0).

Firstly, we present a delay-dependent criterion for the
existence and uniqueness of system (1) with time delays
r,(t)=7(t)(i=1,...,n), where 0<h, <7(t)<h, +2h.

Theorem 1. Under Assumptions 1, given constant scalars
r>0,h,>0,h>0,d>0,0<7<1¢ <1, neural networks

(1) has a unique equilibrium point for 0 <h, <#(t) <h, +2h,
0<o(t)<d,0<7(t)<n<lo(t)<g<l, if there
exist constant scalar & > 0, positive definite symmetric
matrices P = [Pu Jan Q= [Qij]2><27 R= [Rij LU= [Uij]2x27 S
(1=1,...,6), positive diagonal matrices T_(m=1,2,3),
D, =diag{d,,,d,,,...d.}, ~real  matrices X, X,,Y,
(k =1,2,3,4) with compatible dimensions such that the
following LMIs hold (i, j=1,2):

Q+%,+0'0 T ¥YTH,
i —e Mg 0 <0, (6)
H, ¥ 0 —¢l
where

Q=[ 9y | B =[ B0 Jose %2 =[5 T,
Q,=2rP,-FC-CF, +R, +U,, +S,-2LTL, -2LT,L,
—e?™S, +4r(L, - L)(D, + D,) +4r(L, - L,)(D, + D,) —e*"S,
Qp, =(2r1 -C)P,, Q,=e?™S,, Qg =(2rl-C)P,,
Qi =P, Q;=F; Qp :eizrdsei Q, =FE,

Q= F,A-C(D,-D,)+ (L +L,)T,,

Q=R —CF," +(L,+L,)T,, Q ., =FB, Q,;=-CX,,
Q,, =2rP, - (1_77)e_zr(ha+2h)R11 —2LT5L,, Qs = 2rPy,
Q=P _e_zr(h()ﬂh)Rla’ Qy =Py Q= FﬂE! Q0= FEA’
Q1 = P& B-(1- U)e_zr(hDQh)Rlz +(Ls + LT,

~2rh ~2rh ~2rh =2rh,
Qg =e77"Q,; —e 7S, —e""S,, Qy=e7"7Qy,
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Q, = e’szsz _ e—2r(ho+h)Qll7 Q, = _e—Zr(hOJrh)le’
Qg = 2rPy, _eizr(wh)sz _eizr(mZh)Un: Qg = Psz’

Qg =P, —e®y, Oy =BIE, O, =PjA Q,=P;B,
QGG :—e‘z’('b*Z“)R33, QGJZ — _e-2f(ho+2h)R2T3, Q77 — _e-2f(ho+2h)U22’
Qg =_e72rdsev Qg =_(1_§)eizrdssn Qg0 = ET(Dl -D,),
Qg,u:ETFzT' Qs =—E'X,, Qo,lo:(q_Dz)A+AT(|31_Dz)_2-r:
Qlo,nzATFle Q,, =(0,-D,)B, Qlw:_ATXO, Q=R =21,
Q. =F,B, Q,, =—(1-n)e ¥ ™R 2T, Q15 =-B"X,,
Quu15 = Ryy +U,, +h?(S,+S,) +hiS, + S5 +d?S; — X, — Xy,
2, :—Xl—XlT +X3+X;, 2 :X1T X, 2, :—X; + X,
Ta=X,+ Xy, T, =—X,—X] —e7 g, 3 —g?Og
5 = —€ D A A AR AN I e A
25 = _Y3T +Y,, i"33 = _e_zr(h°+h)81' i"34 = e_zr(ho+h)s1’

44 = _eizr(hﬁh)sl +Y, +Y2T ' i"55 =-Y, _Y4T’
®=[—GOOOOOOOOG3610620],
Fu:[OX1 XZOOOOOOOOOO],
FlZ:[OX30X4OOOOOOOOO],
ry,=[0Y 0Y, 0000O0O0O0 0 0
F22=[0Y3OOYAOOOOOOOO],

‘I’:[FlT P,0OOR,0000D-D, FzT 0 0],
Fi=P;+R;+U, -DiL +D,L, - D;L; + D,L,,
F,=R,+D,-D,, L =diag{l,,l,,...l,},i=1234,

and other parameters O, %, E, (i< j) are all equal to

™M

“2r(hp+2h) g
2

My M

ij?
zero's, then system (1) has a unique equilibrium point.

Proof. By Schwarz inequality, Lemmas 1, 2 and
Assumption 1 we can complete the proof, here is omitted.

Similar to Theorem 1, we obtain the following delay-
dependent criterion for the existence and uniqueness of
system (1) with different time delays z,(t)(i=1,...,n)

satisfying 0 <h, <7,(t) <h, +2h.

Theorem 2. Under Assumption 1, given constant scalars
r>0,hy>0,h>0,d>0,0<7<1g¢<1 neural net
works (1) has a unique equilibrium point for 0 < h,
<r(t)<hy+2h,0<o(t)<d, 07, (t)t) <<l o(t) < <],
if there exist constant scalar & >0, positive definite
symmetric matrices p =[P, 1,,,Q =[Q;1,.,,U =[U; ...
S,(I=1,...,6), positive diagonal matrices R = diag{r_,,
Forees ks Tw(M=1,2,3), D,, real matrices X, X,,Y,
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(k =1,2,3,4)with compatible dimensions such that the
following LMIs hold (i,j=1,2):

Q+%,+:0'0 I} ¥TH,
i _e—zr(h0+ih)si O < O,
H ¥ 0 —¢l
where

Q- [Qij ]13><l3’

Q,=2rP,-F,C-CF +R +U,, +S,-2LTL,-2LT,L,
—e?™S, +4r(L, - L )(D, +D,) +4r(L, - L,)(D, + D,)—e"S,,
ng =F,E, Ql,lo = FsA_C(Dl - Dz)"‘ (L1 + LZ)T1’
11 =~C(D3=D,) + (L + LT, Qy =F.B,
2 = 2P, —(1—1)e > ®™*MR —2LT,L,, Q, =P,,
o = PoB+ (L + LT, Qp=—e ™R, O, =E"(D,-D,),
wn=A"(D,-D,), Q,,=R,-2T,, Q,,,, =(D,-D,)B,

1212 = -(1- U)e_zr(ho+2h)R2 - 2T,,
Qs =Ry +U,, +h*(S,+S,) +h2S, + S, +d?S; — X, — X,
F,=P,+U,-D,L, +D,L,-D,L,+D,L,,
¥Y=[F B,0OOPR,0000D-D, D,-D, 0 0],
other Qij are defined as fzij =Q, and other parameters are

O O O O O

all defined in Theorem 1.

4. Robust exponential stability results of
uncertain delayed neural network

In order to prove the robust stability of the equilibrium
point x~ of system (1), we will first simplify system (1) as
follows. Let u(t) = x(t)— x", then we have

u(t) = —Cu(t) + Af (u(t)) + Bg(u(t — z(t))) + Ex(t — o (t)),

(©)
where u(t) = (u,(t)...,.u, @), f,(u, ) = ,(,©+x) - F,0),

gj(uj(t))ZGj(uj(t)—i_X;)_Gj(X;) with fj(o):gj(o):()’
j=1,2,...,n.By inequalities (2) and (3), we can see that

< fjs(s)s . I3jsgjs(s)sl4j. (10)
Clearly, the equilibrium point of system (1) is robust
stable if and only if the zero solution of system (9) is
robust stable.

Now, we present a delay-dependent criterion for the
stability of system (1) with time delays 7, (t) = 7 (t)

(i=1,..,n), where 0<7(t) <7.
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Theorem 3. The unique equilibrium point of neural
network (1) is robust exponentially stable if the conditions
of Theorem 1 are satisfied.

Proof. Consider the following Lyapunov-Krasovskii
functional:
7
V(t,Ul):ZVi(t,Ut), (11)
i=1
With
V,(tu,) = e2"a’ (t)Par(t) + j;_(oem " (s)Ry(s)ds,

v, (t,u,) = jt‘:h:{hem B (5)Q3(s)ds + j;hr%ezfsaT (s)U 5(s)ds,

Vi(t.u)=hf ‘:h [l ()su(s)dsdo+ hj::::h [l (98 u(s)dsdle,
V,(tu,) = f_ho e?u" (s)S,u(s)ds + h, j:_ho [ &7 (5)8,(s)dsdo,
V(tu)=| t_,,(t) e (5)S,0(s)ds +d | ‘_d j;emuT (5)S,U(s)dsdd,
v, (t,u,) = 26" i{d1i [ -1s)ds +dy [ (15— ,(5))ds},

v, (tu) =2e™" Zn:{dsi I: o (gi ()-ly S)dS +d, J-Ou v (I4i S—0; (5))ds}'

where ¢ (t) =[u" (t),u" (t~Z(B),u" (t—h, ~20)], B' (s)=
[u(s).u" (s=h)L, 7" () =[u" (). 9" (U(S)).U"(S)], &' ()=
[u” (s),u™ (s)]-

For convenience, we denote u_=u(t—7(t)). The time

derivative of functional (11) along the trajectories of
system (9) is obtained as follows:

V(t,u,) = eZ“{ 2ra’ (t)Pa(t) +2a" (t)Pa(t) + 7" (t)Ry(t)
—(L-7(t))e V)T (t—F(R)Ry(t— f(t))}, (12

Votu)=e{ e 4 (t-h)QB(t-hy) e * ™" 5 (t-h, ~h)QAE—h, ~h)
+67T (YUSE) —e ST (t—hy —20)US(E—h, —2h) }, 13)
V,(t,u,) = ez"{ h2u™ (t)(S, + S,)u(t) —h j‘ ‘:;fhezf(*”uT (s)S,u(s)ds
[ ey (5)S,u(s)ds} )

t-hy-2h
Vitu)=e{ u ®su e’ t-h,)Sut-hy)
AT (0)S,u(t) —h, f_mezr(s")uT(s)S4u(s)ds}, (15)

V(tu)=e{ U ®)S(t) - 1-5(t)e 0T (t - o(t) Syt - o(t))
+d2u" (£)S.u(t) - djid eZ ey’ (s)Seu(s)ds}, (16)
V,(tu)=e{ 4ri{dh [ (10)-Ls)ds+d, [ (1~ )}
+2{f7 (u(®) -u" OLIDUE® + 2" L, - T u®IDU®}, @)
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\/7 tu)= ezn{ 4ri{d3i J.: ! (gi (ORI s)ds +dy J: ! (|4i3 -9 (5))d$}

+2{g" (u(t) - QLIDUE) + 20" (BL, ~g" UOIDU®}. (8)
From inequalities (10) and Lemma 3, we have

3, [ (f()-ks)ds  <{17 @) -v OLIDUE)

U (O(L, - L)Du), 19)
> a1 (s - f,(6)ds <L, - 1T EOIDuE)
< (O(L, - L)Du(), (20)
30, [ (6,() - is)ds {9 (u(®) - v (OLID,u()
U (O(L, ~L)Du(), (2
> d, [ (s -0,6)ds <quTOL, - g @OIDUO
a <u™(t)(L, - L,)D,u(t). (22)

On the other hand, one can infer from inequalities (10)
that the following matrix inequalities hold for any positive
diagonal matrices T, (i =1,2,3) with compatible dimensions
0<=2¢"{ U OLTLUO+ T UO)TFUO) - QT +L) Fu@)) (23
0<—2e"{ U OLTLUM+g UOTIUE) U OT, (L +L)gu)} (24
0<-2¢""{ WLT.LY +g (U)T,oM)-UT,(L +L)gwu)} (29)
Moreover, by using the Jensen integral inequality (Lemma
4), we obtain

_hﬂf,,b u'(s)S,u(s)ds < —(L ‘—m u(s)ds,)T S4J'7rb u(s)ds
=—(u"(®)-u"t-h))s, (ut)-ut-hy)), (26)
[ T ©suEs <] ueds)s, [ u)ds
= —(UT (t)-u'(t —d))S6 (u(t) —u(t —d)). (27

To get less conservative criterion, we introduce the
following equality for any real matrix x & with compatible

dimension
0=2u" (t) X {-ut)—Cu(t) + Af (u(t)) + By(u,) + Eut—o(t)) }-
(28)

Next, we will discuss the variation of derivatives of
V(tu) for two cases, ie, h <#(t)<h +h and

h, +h < #(t) < h, + 2h, respectively.
Case l: hy < 7(t) < h, + h.

Again from Lemma 4 we have the following matrix
inequalities:

h[' 0 (5)S (s)ds

t-hy—2h

([ uEds)'s, [ u(s)ds

—hy—2h —hy-2h
= —(u"(t-h,—h)—u" (t—h, —2h))s, (u(t—h, —h)—u(t—h, —2h)).
(29)

IA
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Based on Leibniz-Newton formula, for any real matrix
X;(i=1,...,4) with compatible dimensions, we get

0= 2 {ux] ' - Hue-)-u [ uos} @

E()
0= 22"{ux! +uT(t—h)—h)XI}{ur—u(t—r‘b—h)—J.wmu(s)ds}. @)
It is easy to get the following inequalities by using Lemma
1:

—2{ur x; +uT(t—hO)XzT}.[:_h(“t)u(s)ds

t-h,

< he (s t_T_(t)u'T(s)Slu'(s)ds
# e O () - By )T O LS, Tl () (32)
—2{urx! +uT(tfh0fh)XI}J’:;(j)hu(s)ds
< he’z’(“‘)*“)J’:hz(:uT(s)Slu(s)ds
; %e““a*“)(h0 Fh—FO)CTOTLSTLE®),  (33)
where

¢ O =[u" @), ul, u" (t—hy), Ut~y =), " (t—h,—2h), @-Z(E)aL,
U’ (t—hy—2h), u" (t~d), u" (t-o (), 7 u), 9" (), g (U,), U 1
From (12)-(33) and by applying S-procedure [1] we obtain
Based on Lemma 5, from conditions (4) and (5) the
following matrix inequality holds
Q +3 +¥PTHE,()®+O"E, (t)H ¥

+%e2f“h+") (#(t)~h,)ITS,'T,, +%e2'“h*”) (h, +h— Z(E)S;'T, <0
if and only if the following matrix inequality holds for any
positive scalar &
Q +3,+0' 0+ ¥THH] P

+%ezr(%+h) GO hO)FLS{lFu +%ezr(ho+h) (hy+h- f(t))rIszlru <0.
Note that h, < #(t) <h, +h, so above matrix inequality

holds if and only if
Q+Z,+60'0+c W HH ¥ +e” ™M ST, <0

(34)
and
Q+32,+0'0+&e "W HHJ W+ ™S, <0
(35)

are true. From the well known Schur complement,
inequalities (34),(35) are equivalent to (6) with i=1,j=1
and

j=2 respectively, thus V(t,u)<0 holds if (6) (i=1,j=1,2)

are true.
Casell: hy + h <7 (t) < h, + 2h.

Again from Lemma 4 we have the following matrix
inequalities:
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h j::ﬁhuT (5)S,(s)ds
<—( j‘h"’h i(s)ds)"S, | t:h:ih u(s)ds

=—(u"(t—hy)-u" (t—h, —h))s, (ut—hy) —ut—h,—h)). (36)
According to Leibniz-Newton formula, for any real matrix
Y, (i =1,...,4) with compatible dimensions, we get

0= 26Uy} +u" (t—h, )Y, Hut -, —h)—u - Ez;hu(s)ds}, @)

—(t) .
0= 2] +u" (t—h,—20)Y] Hu —u(t—h, —2h)— '[;h;hu(s)ds}. ()
From Lemma 1, the following inequalities hold:

—2ofulY, +uT(t—h, - h)YzT}J':::!_)hu(s)ds
—2r(hg + t-ho—h .
< he ™ 2”[(40) UT (s)S,u(s)ds
+ %ez’("““)(f(t) Ch-h)CT(OTLS T, (), (39)
—2{uTY; +uT(t-h, - 2h)Y4T}_|.:hi(_':]u(s)ds

IN

72r(h0+2h).l'l’f(t) T B
he [,hrznu (s)S,u(s)ds

+ e (hy 4 2h - F(0)CT (OTLS; Tl (0, (40)
From (12)-(28) and (36)-(40) and by applying S-procedure
[1] we obtain
V(tu) < )(Q +2,+ ¥ H,E,H)O+6TE] (HH] ‘P+%e2"wh)

12r

)~y ~IILS; T+ (20— ZO)S, T, )C0).

Based on Lemma 5, from conditions (4) and (5) the
following matrix inequality holds
Q +3,+¥H,E 0)O+O'E] (t)H P

+% & (F(t)—hy —h)[,S, T, +%e2'(“’*2“’ (h, +2h—F(E)5,S; T, <0
if and only if the following matrix inequality holds for any
positive scalar &
Q +3,+0' @+ P HH W

+% e (F(t) —hy —NI,S, Ty +% e (4 2h—F(E),S, T, <0.
Note that h +h<7(t)<h,+2h,

inequality holds if and only if
Q+3,+60'0+&e " WHH ¥ +e* ™M ST, <0

so above matrix

(41)
and
Q+3%,+60'0+ e WTHH W+ ™I s, <0
(42)

are true. From the well known Schur complement,
inequalities (41),(42) are equivalent to (6) with i=2,j=1
and j=2 respectively, thus V (t,u,) <0 holds if (6)

(i=2,j=1,2) are true.

Furthermore, following the similar line in [6], from
Lemma 1 we have
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V() hoo< My [ () =X |IF +M, sup [[u(@) I,

—-h<6<0
where

M, = 94, (P)+4h4, (Q)+304, (R)(1+0? )+2h4, L)

24y (D, + D)) Ay (L — L) + 244, (D, + D) Ay (L — L) +hoy S,),
M, = 304, (R)+2h4, U)+hTh(4, (S)+ 4 (S,)

# 2R (50 04 (8) +5 07, (5,

and oy = mMaXy, {l s [, [}

Meanwhile V(t,u)>€e" || 4t)-X | 4,(By), by Lyapunov
stability theory, the proof of Theorem 1 is completed.

Remark 1. In Theorems 1 and 3,
P,=P,=0(=123),R=0, we can
criterion to analyze the existence, uniqueness and stability
of neural network (1) when 7(t) >1 or #(t) is unknown.

by setting
employ this

Remark 2. It is easy to see that the derivatives of
a' (t)Pa(t) and J'l ()yT (s)Ry(s)ds have some terms
t—7(t

containing 1— 7(t). In order to absorb some 1—7(t), we
A-F@OW' (t—7(t) in ¢(@) but not
u' (t—7(t)), so Q contains fewer 1—7(t), which leads to
a more effective result [14].

introduce

Remark 3. If hO is zero, by choosing the Lyapunov

functional candidate as defined in (11) with
S,=S5,=0,h, =0, using the similar method shown in

the proof of Theorems 1,3 and Remark 1, we can obtain a
criterion to verify the existence, uniqueness and global
stability of system (1).

Remark 4. If f(s)=g(s), by choosing functional (11)
with D, =D, =T, =0, similar to Theorems 1,3 and

Remark 1, we can obtain a criterion to verify the existence,
uniqueness and global stability of system (1).

Remark 5. If f,(s)=g,(s),h, =0, by choosing
functional (11) with D, =D,=T,=5,=S,=0,h, =0,
similar to Theorems 1,3 and Remark 1, we can obtain a

criterion to verify the existence, uniqueness and global
stability of system (1).

Next, we consider the stability of system (1) with different
time delays 7,(t)(i=1,...,n) satisfying
0<h, <7,(t) < h, + 2h.
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Theorem 4. The unique equilibrium point of neural
network (1) is robust exponentially stable if the conditions
of Theorem 2 are satisfied.

Proof. Consider the following Lyapunov-Krasovskii
functional:

V(tu)= ZS:Vi (t.u,)
with .
Vi (tu) = eznég (t)PE() +ZJL| © (rli ui2 (s)+ry fiz(ui (s))+ry L]iz (S))ds’

where  ET(t) =[u" (t),u” (t—z(t)),u’ (t—h,—2h)]. The
time derivatives of v, (t,u,) along the trajectories of
system (9)
satisfy:
Vit w) =e{aré P& +28 QPED) +U" ORU®)+ T UOIR, T (ut)
AT ORIO- DA O E-50)+5 FUE-70) e -0}
Set
FO=[ u"@®u ) u" t-h)u t-h-h)
u'(t—h, —2h),u" (t—7()),u" (t—h, —2h), u" (t—d),
u' (t-o(t), f7 ). g ). 9" (ut-z®)), u" ®)1,
ur-7 @) =[C-2OW -7 0). .. A-7,0O); -7,O)]
we can complete this proof in the similar way as the proof
of Theorem 3.

Remark 6. In Theorems 2 and 4, if we set p, = P,, =0,
R, =0(i =1,2,3), by deleting u" (t—7(t)) from 7 (t),
we can employ this criterion to analyze the existence,

uniqueness and stability of neural network (1) when some
7,(t) =1 or some 7,(t) is unknown, i=1,...,n.

Remark 7. If hy =0 or f(x)=g(x) in neural network

(1) with different time delays 7;(t)(i=1...,n), similar to

Remarks 4-6, we can derive criteria to analyze the
existence, uniqueness and stability of neural networks (1).

5. Comparison and Illustrative Examples

Now, we provide three numerical examples to demonstrate
the effectiveness and less conservativeness of our delay-
dependent stability criteria over some recent results in the
literature.

Example 1. Consider system (9) with z (t)=7(t)
(i=1,..,4) and
C =diag{l1.2769,0.6231,0.9230,0.4480},

Copyright (c) 2014 International Journal of Computer Science Issues. All Rights Reserved.

[-0.0373 0.4852 -0.3351 0.2336
,_|-16033 05088 -0.3224 1.2352
03394 -0.0860 -0.3824 —0.5785|
|-0.1311 0.3253 -0.9534 -0.5015
[0.8674 -1.2405 -0.5325 0.0220
0.0474 -09164 0.0360 0.9816
B=| 18495 26117 -03788 08428 |
|—2.0413 05179 1.1734 -0.2775

AC(t) = AA(t) = AB(t) = E =0,
f(x)=§(x), L, =0, L, =diag{0.1137,0.1279,0.7994, 0.2368}.

This model was studied in [5,7,23]. Obviously,
11825 -0.2207 -0.6936 -0.0605

-0.1877 04293 -0.2865 -0.5249
-0.2489 -0.3450 0.9259 -0.3366
-0.2470 -0.1078 -1.7002 0.5010
is not an M-matrix, where A:[gﬁ]nxn, |BI=[Ib; 1., and

~ {aii i= j,
d; =
k"

i .
Therefore the stability of this model can't be ascertained
by using Theorem 1 in [12].
Further, it is verified that all of the conditions given in
[13,15,17,19] admit no feasible solutions for any positive
time delay or given 77. That is, none of the criteria given

in [13,15,17,19] can conclude whether this model is stable
or not.

D=C—(A+|B|)z=

Moreover, if we set exponential convergence rate r be
fixed as 0.24, all of the results given in [6,16] fail to
ascertain the stability of this system. However, by Remark
5, we can obtain that, for constant time delay and r=0.24,
the origin of this system is the unique equilibrium point
which is exponential stable for any time delay with
7(t) <0.7845.

In addition, if we set time delay 7(t) be fixed as 1, the
maximal exponential convergence rates of k in [6, 16] are
all 0.1705. However, from Remark 5 we can confirm that
the equilibrium point of this system is unique and
exponential stable with convergence rate of r=0.2237.
Furthermore, it is assumed that the exponential
convergence rate k is fixed as zero (i.e. asymptotical
stability), the maximal upper bounds of time delay 7(t)
for various 77's from Remarks 5 and 6 in this paper and

those in [5-7,16,23] are listed in Table 1, where
““unknown 77 " means that ; can be arbitrary value or

7(t) can be not differentiable. It is clear that the results in
this paper are markedly better than those in [5-7,16,23].
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Table I Calculated maximal upper bounds of time delays f('[) for
various 77 of Example 1 with r=0

ho methods 77:0 n=05 ;7:0.9 unknown
n

0 [5,16] 3.584 2.5376 2.0853 2.0389
1

0 [23] 3.732 2.5943 2.1306 2.0770
7

0 [7 4.094 2.7353 2.2760 2.1326
5

0 Remark 5 | 4.583 | 4.0245 3.2947 2.3746
8

1 [5] 3.584 2.5802 2.2736 2.2393
1

1 Remark 4 | 4.654 | 4.0519 3.4141 2.4978
5

2 [5] 3.584 2.7500 2.6468 2.6298
1

2 Remark 4 | 4.662 4,0519 3.5042 2.7780
0

Example 2. Consider system (1) with constant time delay
r,(t)=0c(t)=d(i=12,3) and
C =diag{2.7644,1.0185,10.2716},
[0.2651 —-3.1608 —2.0491
A=|3.1859 -0.1573 -2.4687 |,
12.0368 -1.3633 0.5776

[-0.7727 -0.8370 3.8019

B=| 0.1004 0.6677 —2.4431]|,
| -0.6622 1.3109 -1.8407
[ 0.2076  0.0631 0.3915

E=|-0.0780 0.3106 0.1009 |,
| -0.2763 0.1416 0.3729

AC(t) = AA(t) = AB(t) = AE(t) =0,

f(x)=§(x),L, =0, L, =diag{0.1019,0.3419,0.0633}.
This model was studied in [9, 18]. Ref. [18] illustrated that
the maximum bound of delays is 1.0344. Let m=3 in [9],
the authors obtained the upper bound of delay is 82.
However by using our Remark 5 to this example, we can
obtain the system is feasible for any d>0. It means that the
system is delay-independent stable, which shows that our
criteria are less conservative than [9,18].
Example 3. Consider system (9) with
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{0.5 0.75} {0.4 0.5} {0.4 4).1}
C=15l, A= ,B= JE= ,
0 -05 0 -05 02 045
H 05 ~ cos(2t) 0 |02 05
0 =081 0= 0 cos(3t)'G°_ 03 05/

_[03 -05] _ _[03 -05] . [05 o0
Gl{o.s 0 } 2_[0.5 o.3} 63{4).5 o.5}’
9= £0) =5 (5+11-15-1D. 6,0 =G0 = (s +11-[s-1.

Thus the neural activation functions satisfy the inequalities
(2)and (3) with L =L, =0,L, =1,L, =0.51.For the case

with 7 (t)=7(t)(i=12), if we set r=0,7,=09,
o(t) =1, from Remark 3 we can obtain that the system has

a unique equilibrium point which is robust stable for any
time delay with o < 7(t) < 2.6653.

For the case with different time delays 7, (t) = 7, (t), if we
set r =0,0(t) =1, from Remark 7 we can obtain that the

system has a unique equilibrium point which is robust
stable for any time delay with 0 <, (t) <2.0768 even if

any 7,(t)>1 orany z,(t)(i =1,2) are unknown.

Therefore, we can say that for these three systems the
results in this paper are much effective and less
conservative than those in [5-7,9,12,13,15-19,23].

6. Conclusions

In this paper we have investigated the uniqueness and
global robust stability problem of uncertain neural
networks of neutral-type. By employing new Lyapunov
Krasovskii functional, we proposed several novel stability
criteria for the considered systems. The obtained results
are all in the form of LMIs, which can be easily optimized.
Finally, three examples are given to show the superiority
of our proposed stability conditions to some existing ones.
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