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Abstract

The basic concepts of some near open subgraphs, near rough,
near exact and near fuzzy graphs are introduced and
sufficiently illustrated. The G,,-closure space induced by
closure operators is used to generalize the basic rough graph
concepts. We introduce the near exactness and near
roughness by applying the near concepts to make more
accuracy for definability of graphs. We give a new definition
for a membership function to find near interior, near
boundary and near exterior vertices. Moreover, proved
results, examples and counter examples are provided. The
Gyy-closure structure which suggested in this paper opens up
the way for applying rich amount of topological facts and
methods in the process of granular computing.
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1. Introduction

The notions of closure operator and closure system are
very useful tools in several sections of mathematics. As
an example, in algebra [5, 7], topology [8, 13, 14] and
computer science theory [23, 28]. Many works have
appeared recently for example in structural analysis
[24, 25], in chemistry [26], and physics [11]. The
theory of rough sets, proposed by Pawlak [20], is an
extension of set theory for the study of intelligent
systems characterized by insufficient and incomplete
information. Using the concepts of lower and upper
approximation in rough set theory, knowledge hidden
in information systems may be unraveled and
expressed in the form of decision rules. This leaded
several authors to investigate about the closure systems
and the closure operators in the framework of fuzzy set
theory. As an example, see [4, 10, 23, 28]. The purpose
of the present work is to put a starting point for the
application of abstract topological graph theory in the
rough set analysis. Also, we shall integrate some ideas
in terms of concept in topological graph theory.
Topological graph theory is a branch of Mathematics,
whose concepts exists not only in almost all branches
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of Mathematics, but also in many real life application.
We believe that topological graph structure will be an
important base for modification of knowledge
extraction and processing.

2. Preliminaries

This section presents a review of some fundamental
notions of Gy-closure spaces [24, 25] and Pawlak's
rough sets [6, 20, 21].

2.1 Fundamental Notions of G,-Closure Spaces

In this section, we introduce the concepts of closure
operators on digraphs, several known topological
property on the obtained G,,-closure spaces are studies.

Definition 2.1.1. [24, 25] Let G = (V(G), E(G)) be a
digraph, P(V(G)) its power set of all subgraphs of G
and Clg : P(V(G)) - P(V(Q)) is a mapping associating
with each subgraph H = (V(H), E(H)) a subgraph
Clg(V(H)) < V(G) called the closure subgraph of H
such that:

Clg(V(H)) = V(H)u{v € V(G) - V(H) ; v e E(G)
for all he V(H)}.

The operation Clg is called graph closure operator and

the pair (G, Fg) is called G-closure space, where Fg is
the family of elements of Clg. Evidently Clg(V(H)) =
N{V(F); V(F) € Fg and V(H) < V(F)}. The dual of the
graph closure operator Clg is the graph interior
operator Intg P(V(G)) —» P(V(G)) defined by
Intg(V(H)) = V(G) - Clg(V(G) — V(H)) for all
subgraph H ¢ G. A family of elements of Intg is called

interior subgraph of H and denoted by Tg. Clear that
(G, Tg) is a topological space. Evidently Intg(V(H)) =
U {V(O) ; V(F) € Tg and V(O) < V(H)}. Then the

domain of Clg is equal to the domain of Intg and also
Clg(V(H)) = V(G) — Intg(V(G) — V(H)). A subgraph H

of G-closure space (G, Tg) is called closed subgraph if
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Clg(V(H)) = V(H). It is called open subgraph if its
complement is closed subgraph, i.e., Clg(V(G) — V(H))
=V(G) — V(H), or equivalently Intg(V(H)) = V(H).

V2 @ > V3
Fig. 2 Graph G given in Example 2.1.2.

Table 2: Clg and Clg, for all subgraph H < G.

) V(H) Clg(V(H)) Clg(V(H))
Example 2.1.1. Let G = (V(G), E(G)) be a digraph V(G) V(G) V(G)
such that: V(G) = {vy, va, V3, V4}, ¢ ¢ ¢
E(G) = {(v1, v2), (V1, V3), (V2, V1), (V2, V3), (Va, V3)}. {vi} {vy, v3} {V1, V3, V4}
{va} {vi, vo, v3} V(G)
Vi \z {vs} V3, va} Vi, V3, Va}
{va} {vi, va} {vi, v3, va}
Vi, Va} V1, V2, v3} V(G)
Vi, va) Vi, V3, Va} Vi, V3, va}
V) V3 Vi, V) {Vi, V3, va) {vi, V3, va)
Fig. 1 Graph G given in Example 2.1.1. {va, v3} V(G) V(G)
{va, va} V(G) V(G)
Table 1: Clg for all subgraph H c G. {v3, v} {V1, V3, V4} {V1, V3, V4}
V(H) Clg(V(H)) V(H) Clg(V(H)) {V1, V2, v3} V(G) V(G)
M) M) {vi,va} M(©) {V1, Vo, Va} V(G) V(G)
[0 [0 {v2,v3} Vi,va,v3} {V1, V3, V4} {V1, V3, V4} {V1, V3, V4}
i} Vi,va,v3) {Va,Va} V(G) {va, V3, V4} V(G) V(G)
{va} {V1,V2,V3} {V3,Va) 1V3,v4} Vi, V) {vi, v3, va} {vi, v3, va}
{vs} {vs} {V1,v2,V3} V(G) {va, v3} V(G) V(G)
{va} {vs,va} {vi,va,va} V(G)
vl | vivavsh | vivava) V(G) Fao= {V(G), &, (71, v, v},
iV} {vi,va, v} {V2,V3,Va} V(G) Ta2 = {V(G), ¢, {va}}.

Fc = {V(G)s ¢’ {V3}’ {V37 V4}a {Vla Va2, V3}}7
Te = {V(G), &, {Vva}, {vi, Va}, {V1, V2, Va} }.

We obtain a new definition to construct topological
closure spaces from G-closure spaces by redefine graph
closure operator on the resultant subgraphs as a domain
of the graph closure operator and stop when the
operator transfers each subgraph to itself.

Definition 2.1.2. [24, 25] Let G = (V(G), E(G)) be a
digraph and Clg,, : P(V(G)) > P(V(G)) an operator
such that:

(a) It is called Gy-closure operator if Clgn(V(H)) =
Clg(Clg(... Clg(V(H)))), m-times, for every
subgraph H c G,

(b) it is called Gy-topological closure operator if
Clgm1(V(H)) = Clgm(V(H)) for all subgraph H c G.

The space (G, Fgy) is called G,-closure space.

Example 2.1.2. Let G = (V(G), E(G)) be a digraph
such that: V(G) = {vy, V2, V3, V4},
E(G) = {(Vl’ V3)’ (VZ’ Vl)’ (VQ’ V3) > (V3’ V4) s (V4’ Vl)}'

Vi < Vy
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Proposition 2.1.1. [24] Let (G, Fgm) be a G-closure
space. If H and K are two subgraphs of G such that H
c K G, then

Clem(V(H)) < Clen(V(K)) and Inten(V(H)) <
Intgn(V(K)).

Proposition 2.1.2. [24] Let (G, Fgm) be a G-closure
space. If H and K are two subgraphs of G, then

(@) Clen(V(H) U V(K)) = Clen(V(H)) U Clon(V(K)).
(b) Intenm(V(H) N V(K)) = Inten(V(H)) N Inten(V(K)).

Proposition 2.1.3. [24] Let (G, Fgm) be a Gy-closure

space. If H and K are two subgraphs of G, then

(@) Clon(V(H) N V(K)) < Clgn(V(H)) N Clan(V(K)),
and

(b) Intgn(V(H)) U Intgn(V(K)) < Intgn(VH) v
V(K)).

Remark 2.2.1. The converse of proposition (2.1.3)
above need not be true in general, as the following
example (2.3 in [24]).

Definition 2.1.3. [24] Let (G, Fgn) be a Gy,-closure

space and H < G, the boundary of H is denoted by
Bdgn(V(H)) and is defined by
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Bdom(V(H)) = Clon(V(H)) — Intenm(V(H)).

Proposition 2.1.4. [24] Let (G, Fgm) be a G-closure
space and H < G, then

(@) Bdgn(V(H)) = Clom(V(H)) N Clom(V(G) = V(P)).
(b) Bdon(V(P)) = Bdeu(V(G) — V(P)).

(©) Clom(V(P)) = V(P) U Bdgm(V(P)).

(d) Intau(V(P)) = V(P) - Bdan(V(P)).

By a similar way of definitions of regular open set [27],
semi-open set [16], pre-open set [18], y-open set [9] (b-
open set [2]), a-open set [15], and B-open set [1]
(=semi-pre-open set [3]). We introduce the following
definitions which are essential for our present study. In

Gy,-closure space (G, Fgp,) the subgraph H in (G, Fgp,) is

called

(a) Regular open subgraph [24] (briefly R-osg) if V(H)
= Intgm(Clom(V(H))).

(b) Semi-open subgraph [24] (briefly S-osg) if V(H)
Clgn(Intgn(V(H))).

(c) Pre-open subgraph [24] (briefly P-osg) if V(H)
Intgm(Clgm(V(H))).

(d) y-open subgraph (briefly vy-osg) if V(H)
Clom(Intem(V(H)))lntem(Clom(V(H))).

(e) a-open subgraph [24] (briefly a-osg) if V(H)
Intgu(Clgm(Intgn(V(H))).

(f) B-open subgraph [24] (briefly B-osg) if V(H) <
Clom(Intem(ClomV (H))).

N

N

N

The complement of an R-osg (resp. S-osg, P-osg, y-
osg, o-osg and P-osg) is called R-closed subgraph
(briefly R-csg) (resp. S-csg, P-csg, y-csg, a-csg and B-
csg).

The family of all R-osgs (resp. S-osgs, P-osgs, y-0sgs,
a-osgs and B-osgs) of (G, Fgn) is denoted by ROgn(G)
(resp. SOgm(G), POgm(G), YOcm(G), aOgm(G) and
BOGm(G) ) All of SOGm(G)a POGm(G): YOGln(G)9
0Ogm(G) and BOgn(G) are larger than Tg, and closed
under forming arbitrary union.

The family of all R-csgs (resp. S-csgs, P-csgs, y-csgs,
a-csgs and B-csgs) of (G, Fgn) is denoted by RCqin(G)
(I'CSp. SCGm(G)a PCGm(G), YCGm(G): aCGm(G) and

BCam(G)).
The near closure (resp. near interior and near
boundary)of a subgraph H of G in a G,-closure space

(G, Fgm) is denoted by Cli (V(H)) (resp.
Int}, (V(H))and Bd}, (V(H))) and defined by

Copyright (c) 2012 International Journal of Computer Science Issues. All Rights Reserved.

Cl ij (VH)) = N{V(F) ; V(F) is j-csg and V(H) <
V(F)}.

(resp. Int{,, (V(H)) = V(G) — Cl{,,, (V(G) — V(H)) and
Bdl, (V(H)) = Cl}_ (V(H)) — Int}, (V(H)) ) where
je{R,S,P,v, a, B}.

Proposition 2.1.5. [24] Let (G, Fgn) be Gy-closure

space, the implication Tg,, and the families of near open

and near closed graphs are given by following

statements.

(@) ROGu(G) < Tom < 0Oem(G)
YOGm(G) < BOGm(G)a

(b) aOGm(G) < POGm(G) < YOGm(G)s

(C) RC(:m(G) C Fom S oLCGm(C}) c SC(:m(G) < YCGIH(G)

< BCan(G),
(d) aCGm(G) < PCGm(G) c YCGm(G)

c SOen(G) <

2.2. Fundamental Notions of Uncertainty
Motivation for rough set theory has come from the
need to represent subsets of a universe in terms of
equivalence classes of a partition of that universe. The
partition characterizes a topological space, called
approximation space K = (X, R), where X is a set
called the universe and R is an equivalence relation
[17, 21]. The equivalence classes of R are also known
as the granules, elementary sets or blocks, we shall use
Ry < X to denote the equivalence class containing x €
X. In the approximation space, we consider two
operators, the upper and lower approximations of
subsets: Let A < X, then the lower approximation
(resp. the upper approximation) of A is given by
L(A)={x e X:Ryc A}

(resp. UA)={x € X: Ry N A #¢})
Boundary, positive and negative regions are also
defined:

Bdr(A) = U(A) - L(A),
POSg(A) = L(A),
NEGRr(A) =X —-U(A).
These notions can be also expressed by rough
membership functions [21], namely,
R, NA|

Ry

Different values defines boundary (0 < p% (x) < 1),

ui(x)z xeX.

positive (p ]}A (x) = 1) and negative (u ]}A (x) = 0) regions.
The membership function is a kind of conditional

probability and its value can be interpreted as a degree
of uncertainty to which x belongs to A.
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Fuzzy set [29] is a way to represent populations that
the set theory cannot describe definitely, fuzzy sets use
a many (usually infinite) valued membership function,
unlike classical set theory which uses a two valued
membership function (i.e. an element is either in a set
or it is not). Let X denotes a universal set and A < X.
Then a membership function on X, 4, is a function;
pa : X — L for some partially order set L.

L usually is a lattice [11]. Intuitively the membership
function, p,, gives the degree to which an element x €
X is in the fuzzy set A. In the case L is the closed
interval [0, 1], we call it the Standard Fuzzy Set
Theory.

2. Near Rough and Near Exact Subgraphs
in Gp-closure Spaces

The present section is devoted to introduce the near
exactness and near roughness by applying the concepts
of near open subgraphs to make more accuracy for
definability of graphs. Let H be a subgraph of a graph
G. Let Intg,(V(H)), Clgn(V(H)) and Bdg(V(H)) be
Gp-closure, Gp-interior and Gp-boundary region
respectively. H is Gp-exact if Bdgn(V(H)) = ¢
otherwise H is Gy,-rough [14]. We shall express near
Gp-rough graph properties in terms of G-topological
closure concepts. Let Cl {}m (V(H)), Int gm (V(H)) and
Bd g;m, (V(H)) be near G,-closure, near G,-interior, and
near Gp-boundary vertices respectively, where je {R,
S, P, v, a, B}. H is a near Gy,-exact (briefly ;G,-exact)
graph if Bd JGm (V(H)) = ¢, otherwise H is a near Gy,-
rough (briefly ;Gn-rough). It is clear H is jGy-exact iff
Cl ij (V(H)) = Int ém (V(H)). In Pawlak space a subset
A < X has two possibilities rough or exact. The
following definition introduces new types of near
definability for a subgraph H < G in a Gp-closure

space (G, Fgm)-

Definition 3.1. Let (G, Fgm) be a Gy,-closure space and

H < G, then H is called

(a) totally ;Gn-definable (;Gy-exact) graph if
Intd,,, (V(H)) = V() = Cl,, (V(H)),

(b) internally ;G,,-definable graph if Int %;m (V(H)) =
V(H), Cli;,, (V(H)) # V(H),

(c) externally jGy-definable graph if Int {;m (V(H)) #

V(H), C1},, (V(H)) = V(H),

Copyright (c) 2012 International Journal of Computer Science Issues. All Rights Reserved.
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(d) jGn-indefinable (jGy,-rough) graph if Int ij (V(H))
# V(H), Cl, (V(H)) = V(H),
where je{R, S, P, v, a, B}.

Proposition 3.1. Let (G, Fgn) be a Gy-closure space
and H be a subgraph of G. If H is G,-exact graph, then
it is jGp-exact for all je {R, S, P, v, a, B}

Proof. The proofs of the six cases are similar; So, we

will only prove the case when j =v: Let H be G,-exact
graph, then Clg,(V(H)) = V(H) =Intg,(V(H)). Now,

Clom(V(H)) =N {V(F) ; V(F) €Fgm and V(H) c V(F)}
2 N{V(F) ; V(F) €yCam(G) and V(H) < V(F)}
since Fgm € YCom(G)
=Cl§,, (V(H)) 3.1.1)
Also, Intgu(V(H)) = V(G) — Clgn(V(G) - V(H))
S V(G) - ClE, (V(G) - V(H)
since Tgm < YOam(G)
=Int},, (V(H)) (3.1.2)
From (3.1.1) and (3.1.2) we get Intg,(V(H))
Int§,, (V(H)) € V(H) c C1§,,, (V(H))  Clon(V(H)).
Since H is exist we get Intl (V(H)) = V(H)

N

Clf,, (V(H)). Hence H is ,G,,-exact.

The converse of the above proposition is not true in
general as the following example illustrates.

Example 3.1. Let G = (V(G), E(G)) be a digraph such
that: V(G) = {Vh Va2, V3, V4}a
E(G) = {(v2, v3), (V3, Va), (Va, V2)}.

Vi. Vg

\%) V3
Fig. 3 Graph G given in Example 3.1.

Fa2 = {V(G), ¢, {v1}, {va, V3, Va} },

Ta2 = {V(G), §, {Vi}, {va, V3, va} }.

Let H=(V(H), E(H)); V(H) = {v1, vo}, E(H) = ¢. Then
Intgo(V(H)) = {v,} and Clg(V(H)) = V(G), that is, H is
a Gy-rough graph. But

Int?,, (V(H)) = V(H) = C1%, (V(H)), that is, H is G-

exact graph.
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In a G,-topological closure space (G, Tgm), we shall
use Intl, (V(H)hom (resp. ClL (V(H))hgm and

Bd ém (V(H))|;gm) for a subgraph H < G to denote
Int,, (V(H)) (resp. Cl,, (V(H)) and Bdf,, (V(H)) )
with respect to the Gy,-topology Tgp, for all je{R, S, P,
Y, o, B}

Proposition 3.2. Let (G, Fgm) and (G', F'gm) be two
Gp-closure space such that the family of ;G,-open

subgraphs in Tg, subset of the family of ;Gy-open
subgraphs in T'gy for all je{R, S, P, vy, a, B}. If H = G,
G'is {Gm-exact in (G, Fgm) then H is ;G-exact in (G', F

Gm)-

Proof. Since Bd }j,, (V(H))lom < BdJ,, (V(H))hgm and
Bd gm (V(H))‘TGm = (I) for all je {R,S,P,’Y,G,B}. Then
Bd ., (V(H))|; 6m = ¢ and H is ;Gy-exact with respect

t0 T'gm.

In Proposition (3.2), it is not necessary for T, to be

coarser than TGy, also the converse of this proposition

is not true in general as the following example
illustrates.

Example 3.2. Let G = (V(G), E(G)) and G' = (V(G),
E(G")) be two digraph such that V(G) = {vy, v, v3, V4},
E(G) = {(vi, v2), (V1, v3), (V1, Va), (V2, V1), (V2, V3), (V4
v3)} and E(G") = {(v2, v3), (V3, Va), (V4, V2)}.

Vi Vy vy . Vy

Vs V3 V2 V3
G G'
Fig. 4 Graph G and G' given in Example 3.2.

Fa1 = {V(Q), 9, {vs}, {v3, va}, {V1, V2, V3}},
Ta1 = {V(G), ¢, {Va}, {V1, va}, {V1, V2, va} }.
F'a2=A{V(G), ¢, {vi}, {V2, V3, Va}},
T'c2={V(G), ¢, {v1}, {Vv2, V3, Va} }.

Then POg1(G)lc1 < POG2(GY)lr ca-
IfH = (V(H), EH)); V(H)={v4}, E(H) = ¢,

Copyright (c) 2012 International Journal of Computer Science Issues. All Rights Reserved.

Bd; (VH))hei = {vs} and Bd &, (VH)| 2 = ¢

Thus H is is pGy-exact graph in T'g, but it is not pGy-

exact in Tg;.

Lemma 3.1. Let (G, Fgn) and (G', F'Gm) be two G-
closure space and H is a subgraph of G, G'. Then

ClL (VH)| 6m = ClL, (V(H))ligm if and only if
Intf,,, (V) 6w = It (V(H))hom for all je{R, S,

P’ Y’ a’ B}'
Proof. The proofs of the six cases are similar; So, we

will only prove the case when j = a.: Now,

Clg,, (VH))lr6m = Cl &y, (VH))|cm if and only if

N {V(F) € V(G); V(H) < V(F), V(F) € aCgn(G'") with
respect to T'g}

=N {V(F) € V(G); V(H) c V(F), V(F) € aCon(G)
with respect to Tg}

if and only if

V(G) — N {V(F) € V(G); VH) < V(F), V(F)
aCgm(G") with respect to T'a'}

= V(G) — N {V(F) € V(G); VH) < V(F), V(F)

0oCqm(G) with respect to T}

if and only if
VIV(G)-V(F)SV(G);V(G)-V(H)2V(G)-V(F), V(G)-
V(F) € aOgn(G) w. 1. t. T'c}
=U{V(G)-V(F)=V(G);V(G)-V(H)2V(G)-V(F),
V(G)-V(F)eaOgn(G) w. r. t. Tg}

if and only if

IntL  (V(H)on=Int’  (V(H))gm:

Let us observe Lemma 3.1. The following proposition
gives the condition for ;Gy,-exact graphs in (G', F'gp) to
be ;Gy-exact graphs in (G, Fgn), where the family of
iGm-open graphs in (G, Fgm) subset of the family of
iGm-open graphs in (G', F'gn) for all je {R,S,P,y, a, B}.

Proposition 3.3. Let (G, Fgn) and (G', F'gm) be two

Gp-closure space such that the family of ;G,-open

subgraphs in Tgn subset of the family of ;Gn-open
subgraphs in T 'g, for all je{R, S, P, vy, a, B}. Then

each jG,-exact graph in (G', F'gm) is jGm-exact in (G, F
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n) if and only if Cl gy, (VHDhm = Ol (VEDlrm
for all subgraph H c G, G'.

Proof. If H is jGy-exact graph in (G', F 'gm) for all
je{R, S, Py, o, B}, then Cl, (V(H))rgm = V(H) and
Cly, (V(H)hom = V(H), hence Cl), (VH))|gm =
ClL (V)| om . Conversely, if ClL (V(H))ham =
Cli, (VH)| m and H is ;Gp-exact in (G', F 'gu).

Then H is jG-exact in (G, Fgm).

3. Near Rough Membership Function in
Gnm-closure Spaces

Original rough membership function is defined using
equivalence classes. It was extended to topological
spaces [15], namely. If Tg,, is a G,-topology on a finite
graph G, then the G,-rough membership function for
subgraph H on G is

{NVE)INVH)))

Also, in the case of K, < BOgn(G) and H = (V(H),

E(H)); V(H) = {vs}, E(H) = ¢, then

{NVE, BV [{viiN{vs)]
OV DY (vl

Intf, (V(H)) = ¢.

=1; but

u gm (V3) =

In a Gy-closure space (G, Fgm), we use jGy-boundary
region "briefly Bdgm(V(H))" (resp. {Gm-positive region
"briefly jPOSGm(V(H))" and jGp-negative region
"briefly ;NEGgm(V(H))) to denote Bd g}m (V(H)) (resp.
Int g}m (V(H)) and Ext g}m (V(H)) ) for a subgraph H

G, where je{R, S, P, v, a, B}.
we introduce the following definition for a ;Gn-rough
membership function to express Bdgm (V(H)),
POSem(V(H))) and ;NEGgm(V(H))) for a subgraph H
G, where je{R, S, P, v, a, B}.

Definition 4.1. Let (G, Fgm) be a Gy,-closure space and
H < G. Then the near Gy-rough (briefly jG,,-rough)

membership function on G is ju gm :G—> [0, 1] and it

na ()= VL ,veG (41) is given by
v " 1 if le K, (V(H),
where K, is any suggraph of Tg,, containing v. H6m (V)= min K, (V(H)) otherwise
In equaj[ion (4.1), since it is. not necessary for { N K, } where K, (V(H)) =
to be a j-open graph for all je {R, S, P, v, a, B}, then we
cannot use this equation to express j-boundary region, {V(K)HV(H” :Kisa ;Gm—open graph, v eV(K)}
j-interior and j-exterior of a subgraph H < G in a G- VK|

closure space (G, Fg,) even thought K, is a j-open
graph.

Example 4.1. Let (G, Fgm) be a Gy-closure space
which is given in Example (2.1.1).

Fo1 = {V(G), ¢, {vs}, {V3, Va}, {V1, V2, V3}},

Ta1 = AV(G), ¢, {Va}, {vi, Vo), {V1, V2, Va}},

BOG1(G) = {V(G), ¢ {vi}, {va}, {Va}, {V1, Vaf, {V1, V3}
Vi1, Vab, V2, Vab, {V2, Vat, {Va, Vat, {1, Vo, V3, {Vi, v,
Va}, {V1, V3, Va}, {Va, V3, V4}}.

If H = (V(H), E(H)); VIH)={v1, v3, va}, EH)= {(v1,
v3), (V4, V3)}, in equation (4.1), then

‘{nV(Kvl )}n{V17V3’V4}‘

“gm (Vl) =

forall je{R, S, P, v, a, B}.

Theorem 4.1. Let (G, Fgn) be a G,-closure space and

H < G. Then

(a) velnt ij (V(H)) if and only if juu e w=1,

(b) v eBdi, (V(H)ifandonlyif0<ul (v)<I,

(c) v € is a jGy-exterior vertex of H (briefly v e
EXTL  (V(H))) if and only if ju &, (v) = 0.
Forall je{R, S, P, v, a, B}.

Proof. The proofs of the six cases are similar; So, we

will only prove the case when j = 3:

(a) velnt %m (V(H)) iff 3K € BOgsm(G) such that v
V(K) c V(H)

HAVEK, )} iff 3 K € POgu(G), v e V(K) such that
v Vo v, v, Vel 1 |V(K)ﬂV(H)|:1
{1, V2l 2’ IV(K)|

That is v; gInte,(V(H)); but Intf  (V(H)) = {vi, vs,

V4}.

Copyright (c) 2012 International Journal of Computer Science Issues. All Rights Reserved.

ff gl G (V) = 1.
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(b) veBd %m (V) iff V K € BOgn(G), v € V(K),
we have V(K) N V(H) # ¢ and V(K) N (V(G) -
V(H)) = ¢
iff V K € BOgm(G), v € V(K), we have 0 <| V(K)
NVH) <[ V(EK)|
iff VK € BOgn(G), v € V(K), we have 0 <
VIOV _ |

V(K|
iff 0 < g, (V)< 1.

(¢) veEXT BGm (V(H)) iff I K € BOgm(G) such that v
€ V(K) < (V(G) - V(H))
iff 3 K € BOgm(G), v € V(K) such that V(K) N
V(H) = ¢
iff 3 K € BOam(G), v € V(K) such that
VEONVH)] _

V(K|

i gl (1) =0,

The jGy-rough membership function defines
Bdam(V(H)) (resp. jPOSem(V(H)) and NEGg(V(H))
if 0 < jugm (v) <1 (resp. jugm (v) =1 and jugm )=
0) for all je{R, S, P, v, a, B} in a Gy-closure space (G,
Fom) and H < G. The following example illustrates
Theorem (4.1) forje{y, a, B}.

Example 4.2. Let (G, Fgm) be a Gy-closure space
which is given in Example (2.1.1).

Fo1 = {V(GQ), &, {vs}, {V3, Va}, {V1, V2, V3}},

Ta1 = AV(G), ¢, {Va}, {vi, Vo), {V1, V2, Va}},

¥061(G) = {V(G), ¢, {vi}, {va}, {Va}, {Vi, Va}, {V1, va},
{Va, Va}, {V3, Va}, {V1, V2, V3}, {V1, V2, Va}, {Vi, V3, V4},
{va, v3, va} ,

0061(G) = {V(G), ¢, {va}, {V1, Va}, {V1, V2, Va} }, and
BOGI(G) = {V(G), ¢, {vi}, {va}, {va}, {vi, va}, {vi,
Vi) V1, Vaf, {V2, Va}, {V2, Vaf, {V3, Va}, {V1, V2, V3,
{V1, V2, Va}, {V1, V3, Va}, {Va, V3, Va}}.

If H = (V(H), E(H)); V(H)={vi, vs}, EH)= {(vi, v3)},
we get:

Mom (V1) = 13, G (V) = 13,06, (vs) = 122,
HGm (va) =0,
W om (V) = 1 algn (v2) = 0, apgy (v) = 173,
M G (V4) =0,

B Gm (VD) = 1, gl G (V2) = 0, it Gy (V3) = 1, gt (o (V4)
=0,
Therefore

Copyright (c) 2012 International Journal of Computer Science Issues. All Rights Reserved.

Int}, (V(H) = {vi},
EXT ’ém (VH)) = {va, v4},
Int¢, (V(H) = ¢, Bd&, (V) = {vi, vs vs},
EXT &, (V(H)) = {va},

Int,,, (V(H) = {vi, va}, Bd,, (V(H) = ¢, EXTE,,
(V(H)) = {v2, va}.

Bdg, (VH) = {vi},

4, Near
spaces

Fuzzy Graphs in Gp-closure

Near membership functions allow us to express fuzzy
theory in Gy,-closure spaces. In the following definition
we define a near Gy,-fuzzy (briefly ;Gy,-fuzzy) graph by
using the ;Gy-rough membership function of G-
closure spaces for all je {R, S, P, v, a, B}.

Definition 5.1. Let (G, Fgn) be a Gy,-closure space and
H c G. The Gy,-fuzzy graph of H is denoted by ij and
is given by

ij: {(Va Jp' gm (V)) :forallve G }a _] € {R,S,P,Y,Q,B}.

Example 5.1. Let (G, Fgm) be a Gy-closure space
which is given in Example (2.1.1).

If H = (V(H), E(H)); V(H)={v,, v}, EH)= {(vi, v3)},
then

H = {1, 1), (v2, 0), (vs, 1/3), (v4, 0)},

JH = {(v1, 1/3), (va, 1/3), (v3, 1/2), (v4, 0)}, and

pH' = {(v1, 1), (v2, 0), (v3, 1), (4, 0)}.

Now, we introduce some simple operations on G-
fuzzy graphs for all je {R, S, P, v, a, B}.

Definition 5.2. Let H and K be two subgraphs of G in a
Gy,-closure space (G, Fgn). We say that ij is included
in K" (briefly H' ¢ K) for all je{R, S, P, y, a, B} if
and only if

j“gm V)< ju Em (v) forallv e G.

Definition 5.3. Let H and K be two subgraphs of G in a
Gy, -closure space (G, Fgn). We say that ij and ij are
equal (briefly ;H" = K") for all je{R, S, P, v, o, B} if
and only if
jugm )= jugm (v) forallv e G.

If at least one v of G is such that the equality ju gm W)
= jHom (v) is not satisfied, we say that ;H" and ;K" are
not equal (briefly ;H" #;K") for all je {R, S, P, y, o, B}.
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Definition 5.4. Let H and K be two subgraphs of G in a
Gy,-closure space (G, Fgn). We say that ij and ij are
complementary (briefly ij = ijc) for all je{R, S, P, v,
o, B} if and only if

Mem ) =1—ug. (v)forallv e G.
One obviously has (H)° = H' for all je {R,S,P,y,a,B}.

Example 5.2. Let (G, Fgm) be a Gy-closure space
which is given in Example (2.1.1).

If H = (V(H), EH)); VH)={vy, va}, E(H)= {(v, v3)},
then

H= {1, 1), (va, 0), (v3, 1/3), (v, 0)},

HE = {1, 0), (v2, 1), (v, 2/3), (vs, D}

Definition 5.5. Let H, K and M be subgraphs of G in a

Gy -closure space (G, Fgn). We define the intersection
ij N ij forall je{R, S, P, v, a, B} as the largest jGy-
fuzzy graph contained at the same time in ij and ij.
that is, if ;M= ;H' N K", then

Lo (V) =min {jug. (v), jmom (v) ) forallv e G.

Definition 5.6. Let H, K and M be subgraphs of G in a

G -closure space (G, Fgn). We define the union ij U
ij forall je{R, S, P, Y5 0, B} as the smallest ij-fugzy
graph contains both th and J-Kf. that is, if jMf = th v
ij, then

jugm (v) =max {;u gm ), jpgm (v) } forallv e G.

Example 5.3. Let (G, Fgm) be a Gy-closure space
which is given in Example (2.1.1).

If H=(V(H), EH)); V(H) ={vi, v3}, E(H) = {(v1, v3)},
and If K = (V(K), E(K)); V(K) = {vi, v2, v3}, E(H) =

1(v1, v2), (V1, V3), (Va, V1), (V2, V3)}, then

Vi Vi

V2 \E& V3
H K
Fig. 5 Subgraph H and K given in Example 5.3.

HI = {(v1, 173), (va, 1/3), (v3, 1/2), (4, O)},

oK = {(vi, 1), (va, 1), (v3, 3/4), (va, 0)},

HIN K= {(vi, 1/3), (va, 1/3), (v3, 1/2), (v4, 0)},
aHfu aKf: {(Vla 1)9 (VZ’ l)a (V3a 3/4): (V47 0)}
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Definition 5.7. Let H and K be two subgraphs of G in a

Gy,-closure space (G, Fgp,). The disjunction sum of two
iGm-fuzzy graph for all je {R, S, P, v, a, B} is define in
terms of union and intersections in the following
fashion

H'® K= (H N K" o H* N K.

Example 5.3. In Example (4.3)., we get

H'={(v1, 1/3), (va, 1/3), (v3, 1/12), (v4, 0)},

K= {(v, 1), (v, 1), (v3, 3/4), (4, 0)}. Hence

JH® = {(v1,2/3), (v2, 23), (v3, 1/2), (va, 1)},

oK = {(v1, 0), (v2, 0), (v3, 1/4), (va, )},

JH N K = {(v},0), (v2, 0), (v3, 1/4), (v4, 0)},

HE N K= {(vy, 2/3), (va, 2/3), (v, 1/2), (v4, 0)}.
Thus

oH' ® K'= (H' N K U (H" N K = {(vi, 2/3),
(v2, 2/3), (v3, 1/2), (v4, 0)}.

Definition 5.8. Let H and K be two subgraphs of G in a
Gp-closure space (G, Fgn). The difference ij - ij for
allje{R, S, P, vy, o, B} is define by

H - K'=H"n K"
Of course, except in particular cases, ijf ij = ijf
H" forallje{R, S, P, v, a, B}.

Example 5.5. In Example (4.3)., we get

HI={(vy, 173), (va, 1/3), (v3, 1/2), (4, O)},

aKf: {(v1, 1), (vo, 1), (v3, 3/4), (v4, 0)}. Then

oH' =K'= H' N K= {(vy, 0), (va, 0, (v, 1/4), (Va,
0)}, since

oK = {(v, 0), (va, 0), (v, 1/4), (v4, 1)}

Definition 5.9. Let H and K be two subgraphs of G in a

finite Gy,-closure space (G, Fgn). The j-Hamming

distance between H and K for all je {R, S, P, vy, a, B} is
define by

A, K) = Y [ (V)= (VD] -
i=1

Example 5.6. In Example (4.3)., we get

H'={(v1, 1/3), (v2, 1/3), (v3, 1/2), (V4, 0)}, and

K= {(v1, 1), (va, 1), (v3, 3/4), (V4, 0)}. Then

W(H, K)=[1/3=1[+[1/3=1|+1/2-3/4|+0-0|
=2/3+2/3+1/4+0=1.583.

Definition 5.10. Let H and K be two subgraphs of G in

a finite Gy-closure space (G, Fgm). The j-Euclidean
distance or j-quadratic distance between H and K for
allje{R, S, P, v, a, B} is define by
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e(H, K) = \/Z( j“gm(Vi)—ngm(Vi))Z .
i=1
Definition 5.11. Let H and K be two subgraphs of G in

a finite Gy-closure space (G, Fgn). The j-Euclidean

norm between H and K for all je{R, S, P, vy, o, B} is
define by

FHK) =D (b (V)= G ()

Example 5.7. In Example (4.3)., we get
oH = {(v1, 1/3), (va, 1/3), (v3, 1/2), (v4, 0)}, and
oK'=1{(vi, 1), (v2, 1), (v3, 3/4), (Va, 0)}. Then

ie(H, K) = /4/9+4/9+1/16+0=+/0.951=0.975 , and
((H, K) = 4/9 +4/9 +1/16 +0 = 0.951.

Definition 5.12. Let H and K be two subgraphs of G in

a finite Gy-closure space (G, Fgn). The generalized
relative j-Euclidean between H and K for all je {R, S,
P, v, a, B} is define by

[dHK)
n

1 n
B(H, K) = = — 2 G ()G ()]
i=1

Example 5.8. In Example (4.3)., we get
H = {(v1, 1/3), (va, 1/3), (v3, 1/2), (v4, 0)}, and
oK"= {(vi, 1), (v2, 1), (v3, 3/4), (v4, 0)}. Then

WS(H, K) = % =0.396 .

Definition 5.13. Let H and K be two subgraphs of G in

a finite Gy-closure space (G, Fgm). The relative j-
Euclidean between H and K for all je{R, S, P, vy, a, B}
is define by

st LK)

\/12< (V)= (V)
nig

Definition 5.14. Let H and K be two subgraphs of G in

a finite Gy-closure space (G, Fgm). The relative j-

Euclidean norm between H and K for all je {R, S, P, v,
a, B} is define by

Copyright (c) 2012 International Journal of Computer Science Issues. All Rights Reserved.

2
e (H,K
jaz(H, K)= # =

1 n
— D (G (V)= G (Vi)
i=l1

Example 5.9. In Example (4.3)., we get
oH'={(v1, 1/3), (v2, 113), (v3, 1/2), (v4, 0)}, and
K= {(vi, 1), (v2, 1), (v3, 3/4), (v4, 0)}. Then

«&(H, K) = % =0.488 , and

& (H,K) =

2
@: 0238 .

6. Conclusions

In this paper, we used Gy-closure space concepts to
introduce definitions to near rough, near exact and near
fuzzy graphs. We generalize near rough graphs in the
frameworks of topological spaces. We believe such
generalization will be useful in digital topology [22] as
well as biomathematics [26]. The topological
applications which introduced help for measuring near
exactness and near roughness of graphs. Our approach
is to topologize information systems. We connect near
rough graphs, topological spaces, near rough
membership function, and near fuzzy graphs.
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